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Abstract
We study a particular class of Abelian gauged Nambu{Jona-Lasinio models
with global UL(N)UR(N) symmetry, where N is the number of fermion fla-
vors. We show, by treating the gauge interaction in the ladder approximation
and four-fermion interactions in the leading order of the 1=N expansion, that
the renormalization group  function of the U(1) gauge coupling has ultravi-
olet stable xed points for suciently large N . This implies the existence of
a nontrivial continuum limit.





The triviality of Abelian gauge theories in four dimensions such as QED is due to the
screening of charged particles by their interactions with virtual fermion{anti-fermion pairs
from the vacuum. Such charge screening is described by the vacuum polarization  (Fig. 1).
The QED vacuum is not a perfect insulator and can be considered as a medium of dipoles
representing the virtual fermion{anti-fermion pairs, i.e. the fermion loops in the vacuum
polarization. Within perturbation theory, the electromagnetic charge or gauge coupling is
screened completely in the continuum limit ( !1, where  is the ultraviolet cuto).
This can be seen by considering the renormalization group (RG) transformation of QED
[1], which relates the gauge coupling or ne-structure constant () in the infrared (IR)
region to the bare gauge coupling 0 = () in the ultraviolet (UV) via
() = R [=; 0] ; R [=; 0] = 0
1 +  [=; 0]
: (1)
In perturbation theory, the one-loop leading contribution to  is







where N is the number of fermion flavors. This logarithmic screening eect is sucient to
cause the complete screening of charge in the continuum limit [2,3].
From the RG point of view triviality is merely due to the absence of an UV stable xed














which only has an IR stable xed point or trivial root:  = 0 ( 0(0)  0). A nontrivial or
interacting theory only arises whenever  has a root which is an UV stable xed point. In
case of asymptotic free theories such as QCD the origin  = 0 is an UV stable xed point.
Besides motivated only on the level of perturbation theory the above consideration is
too naive. According to the RG methods of Wilson [4,5], one should consider the RG flow
in the space of all coupling constants (respecting certain symmetries) or at least for those
coupling constants which can be classied as relevant close to a particular critical manifold
in coupling constant space. The problem is that for a possible nontrivial continuum limit of
QED, critical and hence nonperturbative dynamical eects are required.
Therefore, the discovery of dynamical chiral symmetry breaking (DSB) in the strong
coupling phase of QED (0  c = =3) [6{8] and the existence of an UV stable xed point
in the quenched-ladder approximation [9{11] sheds new light on the nonperturbative nature
of QED and triviality. Lattice simulations of noncompact quenched QED have conrmed
the existence of a continuous chiral phase transition [12{14].
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An important step was performed by Bardeen, Leung, and Love in Refs. [15,16]. These
authors realized that, in quenched-ladder QED, attractive four-fermion interactions de-
scribed by a dimensionless four-fermion coupling g0  0 have a so-called scaling dimension 4
instead of 6 at the critical gauge coupling 0 = c. Consequently these operators mix with
the gauge interaction which also has dimension 4 in four space-time dimensions; this means
that QED is not a closed theory at the chiral phase transition. The scaling dimension of an
operator is important in determining whether or not such an operator describes a long-range
interaction. The model of Bardeen, Leung, and Love is referred to as the gauged Nambu{
Jona-Lasinio (GNJL) model, and the mechanism of dynamical chiral symmetry breaking
proposed by them should be regarded in the context of the RG methods of Wilson.
Wilson pointed out that a nontrivial renormalizable model can only be formulated if the
RG transformation exhibits UV stable xed points. UV stable xed points are \singular"
points1 of the RG transformation at which the model becomes scale (conformal) invariant.
Natural candidates for UV stable xed points are critical points governing a continuous
phase transition. Since, at a continuous phase transition, the correlation length  is innite
and the model is scale invariant.
The most crucial observation of Wilson is that in the RG transformation, i.e. the \coarse
graining" process, new types of local interactions are generated and that the new interac-
tions can be classied as either irrelevant or relevant interactions. Only relevant (including
marginal) interactions are important in determining what kind of infrared dynamics char-
acterized by a scale   1= emerges from the microscopic or bare model characterized by
the cuto . The eect of irrelevant interactions can always be absorbed by adapting the
coupling constants of relevant and marginal interactions.
Especially, close to a continuous phase transition, the RG methods show that it is im-
possible, a priori (without solving the equations of motion), to determine which interactions
are relevant or irrelevant; particular interactions can acquire anomalous dimensions and in-
teractions which are irrelevant in a certain region of coupling constant space might become
relevant in another region.
In this respect the GNJL model should be considered as the Wilsonian eective (or micro-
scopic) action of QED taking into account the four-fermion interactions describing neutral
scalar and pseudoscalar fermion{anti-fermion composites. It was shown in Refs. [17,18] that
there is a critical line (curve) in the coupling constant plane (0; g0) of the GNJL model
separating a chiral symmetric phase from the chiral broken phase. The critical line is given
by
gc(0) = (1 + !)
2=4; ! =
√
1− 40; 0 = 30=4; (5)
In the neighborhood of the critical line four-fermion interactions acquire suciently large
anomalous dimensions to become relevant operators. The existence of nontrivial scaling
behavior of the model near criticality implies that these scalar and pseudoscalar composites
are relevant degrees of freedom at both short and long distances2.
1UV stable xed points are specic roots of the  functions.
2The composites are light states, as well in the symmetric phase as in the broken phase.
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Lattice simulations of noncompact quenched QED with an induced four-fermion coupling
were performed by the Illinois group in Refs. [19,20]. The Illinois group obtained a critical
point (0:44c; 0:76) in the (0; g0) plane, which ts nicely on the critical line Eq. (5). However
it was not possible at that time to investigate by means of lattice simulations the phase
transition along the critical line.
Later, the GNJL model was studied on the lattice in noncompact formulation using some
mean-eld approach for the fermions in Ref. [21]. They obtained a critical line qualitatively
similar to the Schwinger{Dyson equation (SDE) approach Eq. (5).3
In the intermediate region (0 < 0 < c), the critical exponents describing the chiral
phase transition satisfy non mean-eld hyperscaling relations which supports the view that,
within the quenched-ladder mean-eld approximation, the GNJL model has a nontrivial
continuum limit [19,23]. Also in Ref. [21] nonmean eld critical exponents were obtained.
In this paper we argue that these (pseudo)scalar composites might play a crucial role
in the phenomenon of charge screening. We show that, by considering the Abelian GNJL
model, UV stable xed points of the  function of the gauge coupling can be realized,
provided the number of fermion flavors N exceeds some critical value. The existence of UV
stable xed points gives rise to a nontrivial theory.
An important observation is that the nonmean eld values for the critical exponents
suggest the existence of a nontrivial Yukawa interaction describing the interactions of the
composites with fermions. This also points out the inconsistency of the mean-eld approx-
imation (Hartree{Fock approximation) for the four-fermion interactions. Therefore we go
beyond the mean-eld approximation by incorporating the (pseudo)scalar composites (the
 and  exchanges) in the 1=N expansion.
The setup of this paper is the following. In Sec. II we introduce the Abelian GNJL
model with UL(N) UR(N) symmetry, where N is the number of fermion flavors. Further-
more, we sketch how we will search for the existence of an UV stable xed point in the
coupling constant plane (0; g0). In Sec. III we discuss, within the quenched-ladder mean-
eld approximation, the importance of hyperscaling relations and how this is related to the
existence of a nontrivial Yukawa interaction in the GNJL model. We discuss how to proceed
beyond the quenched mean-eld approximation in Sec. IV. The 1=N expansion is discussed
in Sec. V. In order to get some idea how the scalar and pseudoscalar composites contribute
to vacuum polarization we illustrate such contributions on the level of perturbation theory
for a gauge{Higgs{Yukawa model in Sec. VI. Then, in Sec. VII, we argue how we can exploit
the 1=N expansion and derive a computable expression for the  function  of the gauge
coupling. Subsequently  is computed explicitly in Sec. VIII. The existence of UV stable
xed points is addressed in Sec. IX. Finally, we present our conclusions in Sec. X.
3Studies of the compact GNJL model [22] (with torus topology) showed to have both a rst
order transition as well a second order phase transition similar to the continuous transition in the
noncompact formulation [21].
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II. THE ABELIAN GNJL MODEL
We consider the GNJL model with U(1) gauge symmetry (the Abelian GNJL model) with
N number of fermion flavors described by the following Lagrangian (see also Refs. [24,25]):




















where D = @ − ie0A and where the flavor labels i; j run from 1 to N . The Lagrangian
L1 is parametrized by the following three dimensionless bare coupling constants:
0 = m0=  m(); 0 = e20=4  (); g0 = G02=42  g(); (7)
where  is the ultraviolet cuto. We assume that the above set of dimensionless coupling
constants comprises the entire set of relevant (including marginal) dimensionless coupling
constants respecting particular chiral, vector, and gauge symmetries.
If the bare mass m0 is zero, L1 has a global UL(N)UR(N) symmetry. The generators,
 , of the U(N) Lie algebra have the following properties:





kl = ilkj: (8)
The last identity is called the Fierz identity.
The Abelian GNJL model described by Eq. (6) can be conveniently analyzed in terms
of auxiliary or composite elds  = −G0   and  = −G0  (iγ5) describing scalar
and pseudoscalar degrees of freedom. In this way L1 can be rewritten as


















wherem0 has been set to zero. In this formulation the four-fermion interactions are described
by the interactions of the auxiliary elds with the fermion elds. Then the connected two-
point Green functions of the  elds describe N2 Nambu{Goldstone bosons ( bosons) and
the connected two-point Green functions of the  elds describe N2 \Higgs" bosons (
bosons).
Although the Lagrangian (6) has very interesting properties, surprisingly this particular
class of GNJL models with UL(N)  UR(N) has not received much attention. One such
property is that Eq. (6) comprises the largest set of relevant chiral invariant four-fermion
operators for a model of N fermions. Another independent set of vector-like chiral invariant
four-fermion interactions such as (  γ )2 do not acquire large anomalous dimensions and
remain irrelevant near the critical point (line). This has been shown in Refs. [26,27], where
the RG flow of scalar-like chiral invariant and vector-like chiral invariant four-fermion inter-
actions has been considered. Moreover, the specic form of the chiral symmetry, where the
number of scalars equals the number of pseudoscalars, turns out to have useful implications
in the context of 1=N expansions as we will discuss later in Secs. IV and V.











0=)(′)(x) = (x); Z(0=)(′)(x) = (x); (11)
where 0=  1, and the elds  , A, ,  are the bare elds dened at the UV cuto .
Near the critical point a new scale is generated: the correlation length . In case of
second order type of phase transition, the correlation length exists in both phases of the
system. In the broken phase the inverse correlation length is real and can be considered as
a physical mass of particles, for instance the mass of the scalar bound state (the  boson)
m, or the mass of fermion mdyn. In the symmetric phase the fermion is massless, and the
scalar and pseudoscalar composites are unstable states characterized by a complex mass
pole in their respective propagators describing the mass and the width of the Breit{Wigner
type resonance, see Refs. [28{30]. The absolute value of the complex mass pole jmj can be
considered as the inverse correlation length.
The RG transformation dictates the flow of the dimensionless bare couplings as function
of the UV cuto . Typically the bare relevant and marginal couplings (e.g. 0, 0, g0) have
to be ne-tuned suciently close to the critical point in order for scaling behavior to set in,
so that the physics in the infrared can be related to experimental data. Scaling behavior is
obtained when there is a large scale hierarchy between the infrared length scale  and the
ultraviolet length scale a = 1=, i.e.   a.
The ne-tuning depends on the eigenvalues of the RG transformation of the couplings
close to the critical point and hence on the critical exponents. These critical exponents can




= (0; 0; g0); 
d0
d
= (0; 0; g0); 
dg0
d
= g(0; 0; g0): (12)
The crucial step is determine the xed points (?; ?; g?) of the RG equations (12), i.e.
(
?; ?; g?) = 0; (
?; ?; g?) = 0; g(
?; ?; g?) = 0; (13)
since the nature of the xed point determines whether a nontrivial continuum limit can be
realized or not. For a nontrivial continuum limit (?; ?; g?) should be a UV stable xed
point.
The RG equations follow from the regularized SDEs of the generating functional de-
scribed by the Lagrangian (9).4 The UV stable xed point for  is 





 − (1 + γm)0; (14)
where γm is the anomalous dimension of the mass operator   evaluated at the xed point
(?; ?; g?). In case of the quenched GNJL models 1  γm  2. Thus the dimensionless bare
mass 0 is a relevant coupling requiring ne-tuning.
4A derivation of the set of (full) SDEs for the two and three-point functions is given in chapter 2
of [25].
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After setting 0 = 
? = 0, the problem reduces to the determination of the UV stable
xed points in the coupling constant plane (0; g0), i.e.,
g(















The quenched-ladder approximation simplies the solutions of Eqs. (15) and (16) con-
siderably since the quenched hypothesis explicitly sets  = 0 for all 0 by omiting fermion
loops. It was shown in Ref. [31] that, in the symmetric phase (g0  gc),
g(0; g0) = −2!g0
gc
(g0 − gc); (17)
with ! and gc given in Eq. (5). In the next section, Eq. (17) will be derived. Clearly, in this
way, the UV stable xed point of g is given by
g? = gc(0); g(0; gc(0)) = 0: (18)
Now Eq. (16) should be reconsidered. We will analyze Eq. (16) beyond the quenched ap-
proximation, and try to solve
(
?; gc(
?)) = 0: (19)
In Sec. VII an explicit expression for  will be derived by assuming that g0 is at its critical
value gc and that it has an UV stable xed point so that in the neighborhood of this point
  0.
III. HYPERSCALING IN THE QUENCHED-LADDER MEAN-FIELD
APPROXIMATION
In analogy with statistical mechanics, the continuous chiral phase transition can be
classied in terms of critical exponents which describe the scaling of various macroscopic
quantities (e.g. the chiral condensate, correlation length, eective potential, chiral suscep-
tibility) close to or at the critical point. It is considered a strong indication of the existence
of a nontrivial continuum limit ( ! 1), if so-called hyperscaling relations between these
various critical exponents are satised, see Refs. [19,23,32{34].
For the GNJL model, the critical exponents , γ, , and  are the dened by the scalings:







h   i  m1=0 at g0 = 0; (22)
jmj  (g0) at m0 = 0; (23)
where g0 = g0 − gc, h   i is the chiral condensate,  is the chiral susceptibility, and m
is the mass of the  boson. As was mentioned previously, the mass m is the natural
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candidate for the inverse correlation length (m  1=), since the  boson propagator S is
the connected correlation function of the eld  describing correlations parallel to direction
of symmetry breaking (i.e. parallel to the direction of long-range ordering).
In the quenched-ladder approximation treating four-fermion interaction in a mean-eld
approximation, the critical exponents are
 =
2 + !






; γ = 1; (24)
and satisfy the hyperscaling relations
γ = ( − 1); 4 = 2 + γ: (25)
Other hyperscaling relations involving the critical exponent  describing the scaling of the
eective potential are satised too [19,23]. Furthermore it was argued in [19] that the
validity of the quenched-ladder mean-eld approximation relies on the verication that the
critical exponent γ = 1. The interpretation of γ = 1 is the factorization (   )2 = 2(   ).
A renormalization of the chiral condensate simultaneously renormalizes the propagators S
and P . Indeed the lattice computations of the critical exponent γ reported in [19{21]
showed strong evidence for γ = 1.
The anomalous dimension  describes the scaling of the connected two-point Green
function S at the critical point. In Ref. [30] the scalar propagator S (see Fig. 2) and the
scalar Yukawa vertex ΓS (see Fig. 3) have been computed in the symmetric phase in the
quenched-ladder approximation by means of a so-called two-channel approximation.
In the symmetric phase the Yukawa vertex has the following form
ΓS(p+ q; p) = 1 [F1(p+ q; p) + (q^p^− p^q^)F2(p+ q; p)] : (26)
These vertex functions F1 and F2 can be expanded in terms of Chebyshev polynomials of
the second kind:













The two-channel approximation of Ref. [30] now holds in that the Yukawa vertex is
approximated by the angular average of the vertex function F1 in the following way








2; q2)  FIR(p2; q2)(q2 − p2) + FUV(p2; q2)(p2 − q2): (30)
The functions FIR and FUV are respectively referred to as the IR channel (infrared), and the
UV channel (ultraviolet).
8
The specic choice of Chebyshev expansion and consequently, the choice of zeroth order
coecient f0, is convenient, since the infrared limit (q
2  p2), and ultraviolet limit (q2  p2)
of ΓS are both described by f0,
lim
p2q2










The scaling form for S(q) is well described by these two functions FIR and FUV.
The zeroth order Chebyshev expansion or two-channel approximation gives second order
dierential equations for the lowest order harmonic with appropriate IR and UV boundary
conditions. These dierential equations are exactly solvable and. the solutions are expressed
in terms of a Bessel function of the rst kind for FIR and in terms of modied Bessel functions
for FUV. The following solutions have been obtained [30]:
FIR(p









































where ! and 0 are dened in Eq. (5), and where










































With the \asymptotic solutions" for ΓS given in terms of FIR and FUV, Eqs. (33) and
















which has been argued in [30] to be correct up to leading and next-to-leading order in q2=2
and is valid along the entire critical curve gc.
It has been shown in [28,30] (d = 4) and [29] (d = 3) that S has a complex pole on a
second Riemann sheet in (Minkowsky) momentum space.
Also one can derive that the solutions for S and are consistent with hyperscaling for
0 < 0 < c. This is intimately related to the fact that the renormalization of the auxiliary
elds  and , Eq. (11), simultaneously renormalizes the Yukawa vertex and the scalar
propagator.

























The scaling hypothesis states that the scalar propagator S should have the following









where  is by denition the anomalous dimension. The mass m is the complex pole of S



























where the exponent 1 > 0 for 0 < ! < 1. From this we read of that the anomalous
dimension  is given by
 = 2(1− !); (44)
and with Eq. (24) satises the hyperscaling relation
γ = (2− ): (45)
The scaling function is (provided jmj2; q2  2)



















supporting the fact that the critical exponent γ = 1 within the quenched-ladder approxima-
tion.



















see for more details [25].
Since the absolute value of the complex pole of S, i.e. jmj, is now the scale (besides
the UV cuto) generated close to the critical curve, it is natural to take it to be a physi-
cal, macroscopic or infrared scale, which by denition should be independent of . Using




=) g(0; g0) = −2!g0
gc
(g0 − gc); (50)
which is equivalent to the  function given in Ref. [31] and Sec. II. Hence the critical curve
g0 = gc is an UV stable xed point g(0; gc) = 0 (
0
g(0; gc) < 0) of the RG flow.
With q2  2 the function Z of Eq. (35) scales in the following way














In this way the Yukawa vertex can be written as




























































































5Since S = P in the symmetric phase.
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From the above scaling form for S and ΓS it is clear that four-fermion scattering
amplitudes such as




2  q2  2: (56)
are independent of  and express the long-range nature6 of Yukawa forces. For arbitrary
dimensions, this is pointed out in Ref. [29]. The long-range Yukawa forces and their non-
trivial contributions to scattering amplitudes in the infrared are a direct consequence of
hyperscaling and thus power-like renormalizability.
In Ref. [36] it was argued that the triviality of 4 theory cannot be a good guide
to understanding the possible triviality of the pure Nambu{Jona-Lasinio (NJL) or spinor
QED. The main reason is that the Nambu-Goldstone bosons in models with fundamental
fermions which undergo (dynamical) chiral symmetry breaking are composite, and their
propagators have a large anomalous dimension, whereas they are fundamental in theories
with scalars that exhibit a magnetic phase transition, and the anomalous dimension is small.
The consequence is the following. Although both the NJL model and 4 theory violate
hyperscaling due to the appearance of logarithmic corrections, and hence are trivial, the
bounds on the critical exponents are dierent. In NJL type of models the logarithmic
violations reduce the critical exponent  below its mean eld value  < 3, whereas in scalar
models the critical exponent exceeds its mean eld value  > 3. Such logarithmic violations7
of scaling and the direction of violation were tested in [37] and [38].
We can consider this in the DSB phase. The consensus is that in four dimensions
due to the logarithmic corrections, the hyperscaling relations are violated, and we have the
following inequalities:
4 > 2 + γ; γ > ( − 1): (57)
This violation of hyperscaling is believed to be a sign of triviality meaning that the eective
Yukawa-coupling (which couples Goldstone bosons to the fermions) vanishes in the contin-
uum limit. The continuum limit is non-interacting, hence trivial. This can be seen in the
following way. Assuming that in the low energy region the correlation length  is the only
relevant length scale, we dene an eective Yukawa-coupling gY by the zero-momentum limit




 2g2Y  ΓS(0; 0)S(0)ΓS(0; 0); (58)
where ΓS(0; 0) and S(0) are given by the chiral susceptibility relations
6The correlation length is large, 1=jm j  1=.
7Pure power law scaling is rather hard to distinguish from logarithmic scaling on the lattice due




; ΓS(p; p) = (1)
@(p2)
@hi ; (59)
where 0 = (0) is the fermion mass in the broken phase. By making use of the scaling












 (2+γ−4)= : (60)
This expression is related to the denition of gR  g2Y given in Ref. [36], and it is clear that
the scaling inequalities (57) imply that g2Y ! 0 when  !1. Thus, only if the hyperscaling
relations (25) are satised, a nonzero gY might be realized in the continuum limit ( !1),
thereby giving rise to a nontrivial interacting theory.
IV. BEYOND THE QUENCHED-LADDER MEAN-FIELD APPROXIMATION
Dynamical chiral symmetry breaking being a strong coupling phenomenon has been
predominantly studied in the framework of SDEs in the quenched-ladder approximation,
due to the lack of other (analytically) solvable approximations. Lattice simulations provide
a very powerful numerical tool for studying critical phenomena such as DSB, since they
do not suer from uncontrollable truncations (such as ladder approximation) which are
necessarily used to solve continuum SDEs.
The physical implications and the consistency of the quenched-ladder results with many
quenched lattice simulations, and with the nonperturbative RG techniques, support the view
that the qualitative features of the approach might be realistic and describe properties of
the full theory. Most likely this is due to the ladder approach respecting the vector and axial
Ward{Takahashi identities.
Let us mention some attempts to study DSB beyond the ladder approximation in
framework of the SD approach. In Refs. [39,40] the validity of the ladder approximation
is analyzed by including the eects of e.g. crossed photon exchange graphs. Moreover,
Holdom [40] gives strong arguments that the scaling law for the fermion dynamical mass
mdyn in the quenched theory (including also crossed photon graphs, and vertex corrections)
is of the same form as the scaling law with essential singularity obtained in the quenched-
ladder approximation in Ref. [9,11]. This is analogous to the statement that the anomalous
dimension is one (γm = 1) in quenched QED.
In addition, the nonperturbative renormalization group methods (NPRG) of Refs. [26,27]
provide a way to check the quenched-ladder approximation in the GNJL model by including
the eect of crossed photon exchange graphs, and four-fermion interactions in the RG flow
of coupling constants. The basic principle of the NPRG methods is to write down the
equation for the so-called shell-mode eective action, which follows from varying the cuto
of the Wilsonian eective action. In principle the NPRG method is exact, but unsolvable
in practice, since it involves the computation of the RG flows of an innite set of operators
and couplings. The systematic approximation is to write down the NPRG equations for a
suitable nite set of local operators, which is called the local potential approximation (LPA).
The next step is that the solutions obtained in the LPA have to be checked for stability with
respect to enlargement of the set of operators.
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In Ref. [27] the critical line in the full quenched GNJL model is obtained in a par-
ticular LPA, which incorporates besides crossed photon exchange graphs also four-fermion
exchanges beyond the mean eld approach. The equation for the critical line obtained by
Aoki et al. reads
gc(0) = (1 + !)
2 =3; (61)
and in comparison with Eq. (5) the dierence is just an overall factor 3=4. Thus these studies
support the reliability of the ladder approximation. Moreover in Ref. [27] it is shown that the
critical exponents agree rather well with the quenched-ladder results for small values of 0.
However, for values of the gauge coupling 0 close to the conformal phase transition (CPT)
point 0 = c [41], a small quantitative dierence in the values of the critical exponents
emerges.
The quenched approximation is analogous to the assumption that the full gauge boson










in the Landau gauge. The quenched approximation is only consistent when the vacuum
polarization is nite in the continuum limit, i.e. the logarithmic running of the coupling is
absent. This is the case at an UV stable xed point of the  function, Eq. (16), of 0. The
assumption that such a critical xed point exists, and that it lies somewhere on the critical
curve (5) is the starting point for many studies of dynamical chiral symmetry breaking in
context of the GNJL model. In fact the quenched hypothesis is only consistent when the
bare gauge coupling 0 is near the xed point of the theory,   0.
Attempts to include a logarithmic running of the coupling drastically changes the chiral
phase transition and the critical line, see Refs. [42{45]. It was shown in Refs. [45{48] that
γm = 2, which is analogous to the vanishing of the anomalous dimension of the scalar
propagator,  = 2(2−γm) = 0 (e.g. see Eq. (41)). Consequently, the critical exponents turn
out to be of the mean eld type (up to logarithmic violations) leading to a trivial theory.
The quenched theory and the theory with the logarithmically running coupling seem to be
two dierent theories.
Lattice simulations of noncompact full (unquenched) QED on the lattice (with flavors,
N = 2 and N = 4) are controversial [49]. The Illinois group [50,51] (see also [52,13]) and
the Zaragosa group [53,54], nd power-law scaling and nonmean eld critical exponents, sig-
naling a possible nontrivial continuum limit for the strong coupling broken phase, whereas
[55,56,49] obtain mean eld behavior (mean eld critical exponents with logarithmic correc-
tions). Thus Go¨ckeler et al. nd a vanishing renormalized gauge coupling and a vanishing
eective Yukawa coupling (dened by the Goldberger{Treiman relation), and they conclude
that lattice QED is trivial, see for their most recent result Ref. [57].
The authors of [58,50,51] found indications that monopole condensation and chiral sym-
metry transitions coincide. These results suggested that theories of fundamental charges and
monopoles provide a natural scenario for nontrivial ultraviolet behavior. However later anal-
ysis of [59] and the discussion in [60] put in doubt the initial ideas on the role of monopole
condensation driving the chiral phase transition.
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Lattice simulations of GNJL models are very complicated to perform, since these tech-
niques have diculties in incorporating composite states with light masses. Clearly it is
essential to keep the light composite degrees of freedom and their eective interactions in
the SDES to properly understand the scaling structure of the full unquenched GNJL model.
In many approximations of the GNJL model, the four-fermion interactions are treated in
a mean-eld approach known as the Hartree{Fock approximation. In mean-eld approxima-
tions the composite operators such as   are replaced by their vacuum expectation values
(   ! h   i) and fluctuations about that value are ignored. Thus quantum corrections
corresponding to four-fermion interactions are neglected beyond tree level.
As long as four-fermion interactions are irrelevant the mean-eld approach for these
operators is justied. However in Refs. [19,23] it is concluded that, within the quenched-
ladder mean-eld approximation to the GNJL model, the hyperscaling equations for the
critical exponents are satised, implying that the four-fermion operators become relevant due
to the appearance of large anomalous dimensions. In other words, the mean-eld approach
yields non mean-eld exponents, thereby being inconsistent (e.g. see Refs. [21,33]).
The fluctuations of the gauge eld for the composite degrees of freedom are essential
and cannot be neglected; they give rise to a large anomalous dimension turning irrelevant
four-fermion interactions into relevant ones implying that such interactions might give non-
trivial quantum corrections at long distances. This is illustrated by the computations of
the anomalous scaling laws for the Yukawa vertices and the propagators of the scalar and
pseudoscalar composite states, i.e. the  and  bosons of [30]. In fact, as was discussed in
Sec. III, the hyperscaling relations imply the existence of a nontrivial Yukawa interaction
describing the interaction between fermions and  and  composites in the GNJL model.
The question is; how to modify the mean-eld approach? We propose the following.
Firstly we point out the usefulness of skeleton expansions. Secondly we make use of the
specic form of the chiral symmetry. And thirdly we adopt the 1=N expansion (with N the
number of fermion flavors)
A. Beyond the mean-field approach
The anomalous dimensions describe the scaling behavior of the fully dressed Yukawa
vertices and  and  propagators at the critical line. The non mean-eld values of the
anomalous dimensions imply that one cannot neglect (as is done in mean-eld approxima-
tions) the full connected Green functions corresponding to the composites (or at least the
leading or asymptotic parts of these functions) in the SDEs.
On the level of the Bethe{Salpeter (BS) fermion{anti-fermion scattering kernels the 
and  composites can be incorporated in a RG invariant manner by making use of the
skeleton expansion (see e.g. Bjorken and Drell [61]). Analogous to QED kernels we dene
the one-boson irreducible kernel K(1), and the two-fermion one-boson irreducible BS kernel
K(2), where these kernels now also include the  and  composites. For both type of kernels
a skeleton expansion exists. The integral equation between K(1) and K(2) is known as the
Bethe-Salpeter equation.
The skeleton expansion is a series in topologically distinct Feynman diagrams with all
vertices and propagators fully dressed. The skeleton expansion is a special way of resumming
the entire set of Feynman diagrams in a consistent manner, i.e., without double counting.
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The lowest order terms (\lowest" in terms of loops) of the skeleton expansions for K(1),
respectively, K(2) are illustrated in Fig. 4, respectively, Fig. 5. The blobs with the letter \B"
in the full vertices and propagators represent photons, and composite  and  exchanges.
Each term in the skeleton expansion of the BS kernel K(2) is RG invariant, up to fermion
wave function factors, i.e. the expansion is independent of the renormalization factors Z3
and Z = Z = Z (see Eqs. (10) and (11)) of, respectively, the gauge eld and the com-
posite elds  and . The two Z−1 factors with anomalous dimensions of each Yukawa
vertex cancel with the Z2 factors of the  and  propagators, leading to cuto independent
fermion{anti-fermion scattering amplitudes, e.g. see Eq. (56). Since in the quenched approx-
imation the renormalization constant of the gauge eld is one (Z3 = 1), the quenched-ladder
approximation is self-consistent from the RG point of view.
As was mentioned in Sec. II, the Abelian GNJL model, with N number of fermion
flavors, is taken to be invariant under global UL(N)UR(N) chiral transformations, so that
both the scalar and pseudoscalar four-fermion interactions are in the adjoint representation,
and, consequently, the number of scalar composites (N2) equals the number of pseudoscalar
composites (N2). In this way, when N is large we can use the 1=N expansion introduced
by ’t Hooft [62]. The 1=N expansion states that planar, i.e. ladder, graphs describe the
dominant contribution to Green functions. The 1=N expansion will be discussed in the next
section.
With the gauge interaction treated in the ladder approximation each full Yukawa vertex
and ,  boson propagator can be written as
ΓSabij
(k; p) = ijΓSab(k; p); 
()
S (q) = S(q); (63)











(p; p+ q) = ilkjΓSab(k + q; k)S(q)ΓScd(p; p+ q); (64)
where we have used the Fierz identity (8). Then the rst term of the skeleton expansion for
K(2) is the following single boson exchange term:
(−ie20)K(2)ab,cd
i1j1,i2j2
(k; p; p+ q) =
i2j1i1j2(−ie0)Γcb(p+ q; p)iD(q)(−ie0)Γad(k; k + q)
+i1j1i2j2(−i)ΓScb(p+ q; p)iS(q)(−i)ΓSad(k; k + q)
+i1j1i2j2(−i)ΓPcb(p+ q; p)iP (q)(−i)ΓPad(k; k + q); (65)
where the labels is and js are flavor labels (a; b; c; d are spinor labels).
As a result of the chiral symmetry the contributions of four-fermion interactions, which
are represented by  and  exchanges, exhibit two distinct features depending on whether
they are incorporated in SDEs describing quantities connected with so-called zero-spin
structures8 (e.g. the dynamical mass , the Yukawa vertices ΓS, ΓP , and the  and  prop-
agators S, P ), or whether the exchanges are included in SDEs describing nonzero-spin
8Such structures are characterized by spinor matrices which commute with the γ5 matrix.
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structures (anti-commuting with γ5) (e.g. the vacuum polarization , the photon-fermion
vertex Γ, and the fermion wave function Z = Z2). Henceforth, we refer to (non)zero-spin
functions, and their equations as (non)zero-spin channels.
The chiral symmetry gives rise to the following properties:
1. In spin-zero-channels, the contribution of planar diagrams (i.e. planar in  and 
exchanges) vanishes due to the fact that the exchange of a  has an opposite sign
with respect to a  exchange. Why? Let us consider a planar contribution to the
scalar vacuum polarization which contains (amongst others) a  exchange. Both γ5
matrices corresponding to this particular planar  exchange can be eliminated from
the fermion trace of the scalar vacuum polarization by moving them to the right-hand
side of the trace. For planar diagrams such a process involves the interchange of the
γ5 matrix with an even number of fermion propagators, and an arbitrary number of
Yukawa vertices. Since the Yukawa vertices commute with the γ5 matrix, and γ5 anti-
commutes with the fermion propagator9 S, the process of moving the γ5 to the right
does not introduce an overall minus sign. Now using that (iγ5)(iγ5) = −(1)(1), we see
that the diagram containing a specic planar  exchange is identical to minus the same
diagram with the  exchange replaced by a  exchange. Since each diagram containing
a  exchange has a scalar counter part (i.e. an analogous diagram with a  instead of
a  exchange), the sum of all planar diagrams, with a particular number of exchanges,
vanishes. Thus in channels with spin-zero matrix structures (i.e. channels which
correspond to vertices which commute with γ5) scalar forces appear to be opposite to
pseudoscalar forces.
2. In nonzero-spin channels (think of , Γ, etc.) containing vertices which anti-commute
with the γ5 matrix, the situation is dierent: planar  and  exchanges contribute
with identical sign. Let us now consider a planar contribution to the (photon) vacuum
polarization containing a  exchange. If we again move the γ5 matrices to the right-
hand side of the trace, we get an overall minus sign due to the anti-commutation of γ5
with γ. This means that any planar diagram in the vacuum polarization containing
a  exchange is identical to the same diagram with the  exchange replaced by a 
exchange. Hence, in channels connected with spin structures anti-commuting with γ5,
 and  exchanges behave identical. In other words, in such channels, pseudoscalar
and scalar forces act in the same direction (instead of canceling).
The properties described above are, strictly speaking, only valid in the symmetric (massless)
phase, where the (2N2)  and  bosons are degenerate. However, in the broken phase,
the properties are valid whenever momenta larger than the dynamical mass  or m are
considered, because then the degeneracy emerges too.
These properties also provide us with a general argument why the mean-eld approach
for four-fermion operators for Green functions corresponding to spin-zero channels (e.g.
ΓS and S) is reliable. For such channels planar contributions vanish and the next non-
vanishing contributions (such as contributions containing crossed  and  exchanges) are
9In the symmetric phase γ5S = −Sγ5.
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proportional to 1=N , thus small for large N . This implies that quantities such as the critical
curve, dynamical mass, anomalous dimensions etc., are nearly independent of N , and are
described rather well by the mean-eld approach.
However, such a cancellation of scalars against pseudoscalars degrees of freedom does not
occur in nonzero-spin channels, such as the vacuum polarization . In the vacuum polar-
ization it turns out that  and  exchanges are attractive and virtual fermion{anti-fermion
pairs from vacuum fluctuations are constrained by these forces, reducing their capability to
screen.
B. The fermion wave function
The inclusion of relevant four-fermion interactions beyond the mean-eld approach re-
quires a reinvestigation of the SDE for the fermion wave function Z = Z2 (Eq. (10)),
S(p) =
Z(p2)
p^− (p2) ; (66)
with S the fermion propagator and  the dynamical mass. In QED in the quenched-ladder
approximation, the fermion wave function has a gauge dependent anomalous dimension. In
the Landau gauge, this anomalous dimension vanishes and the fermion wave function equals
one (Z = 1). We conjecture that the inclusion of relevant four-fermion interactions does
not introduce an anomalous dimension for the fermion wave function other than already
introduced by the gauge interactions. Thus, in the Landau gauge, the wave function Z is
nite though it might deviate from unity. The argument in support of the conjecture stated
above is that only one full Yukawa vertex appears in the self-energy part, which means
that anomalous dimensions of four-fermion interactions are not canceled. Only two fully
dressed Yukawa vertices and a fully dressed scalar composite are RG invariant (anomalous
dimensions cancel!).
The consequence is that a remnant power of the cuto (related to anomalous dimension
of a Yukawa vertex) lowers the degree of divergence of the self-energy part from a logarithmic
divergence to a nite integral. The question is how to compute the nite correction to Z.
The problem of the self-energy SDEs lies in regulating it. In case of the fermion-loops
appearing in vacuum polarizations it is possible to introduce Pauli-Villars elds which will
regulate the fermion loops. However an additional regularization and elds are needed in
order to regulate self-energy parts of the fermion, especially the wave function, since the
SDE is naively linearly divergent, and shifts in momentum integration variables are tricky.
A momentum shift invariant regularization is by no means trivial to implement. At the
moment we do not know how to properly regularize the SDE for Z, and how to compute a
possible deviation of Z from unity in the Landau gauge.
We believe that the conjecture holds irrespectively of the regularization method. There-
fore throughout this paper we assume Z = 1. Eventually, a deviation from unity might
change the results presented here quantitatively, although this is not expected, since we
will use a nonperturbative method introduced by Johnson, Willey, and Baker [63], which is
independent of Z. The nice feature of the assumption that Z = 1 is that with the gauge
interaction treated in the quenched-ladder approach the chiral and vector Ward{Takahashi
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identities are preserved, since in channels with spin-zero the planar  and  exchanges cancel
each other.
V. THE 1=N EXPANSION
The 1=N expansion of ’t Hooft (see Refs. [62,64]) provides us with a useful nonpertur-
bative tool to incorporate four-fermion interactions beyond the mean-eld approach. As
mentioned previously, the 1=N expansion states that the planar (i.e. ladder) diagrams, with
fermions at the edges, describe the leading or dominant contributions to Green functions.
The interesting feature of the 1=N expansion is that Feynman diagrams can be classied in
terms of two-dimensional surfaces with specic topology. Diagrams with other (than planar)
topological structures are multiplied by factors of 1=N , and in the limit of large N , their
contribution can be neglected with respect to planar graphs. One important rule is to draw
Feynman graphs with fermion loops forming the boundary of the graph (if possible). In this
way, vertex corrections are not necessarily classied as being planar.
In the context of the 1=N expansion of ’t Hooft [62], we should consider internal or
virtual  and  exchanges analogous to the gluon exchanges with the important dierence
that due to the chiral symmetry we have two types of particles both being in the adjoint
representation (N2 scalars and N2 pseudoscalars).
Suppose we can dene an \eective" Yukawa coupling gY describing the interaction of
scalars and pseudoscalar with fermions. For the time being we leave unspecied such a
coupling. Let us consider N large with g2YN is xed and of order one
g2YN  O(1): (67)
If the theory under consideration is rewritten in terms of the coupling constant g2N  g2YN ,
a 1=N expansion can be formulated straightforwardly.
Then, by keeping track of the flavor indices within a particular Feynman diagram, we
can count factors of 1=N . Each fermion carries a flavor index (i), which runs from 1 to
N . A virtual ,  exchange carries two flavor indices. This follows from Eq. (64) and
the Fierz identity (8). Each virtual ,  exchange is associated with two Yukawa vertices,
therefore giving rise to a pair of Kronecker delta functions connecting the flavor indices of the
scattered fermions. In the context of flavor indices, either a  or  boson can be considered
as a propagating fermion{anti-fermion pair carrying double flavor indices.
Whenever a trace over a flavor Kronecker delta function enters into the expression for a
particular Feynman diagram, we speak of an index loop. An index loop is easily identied
by using the double-line representation of ’t Hooft. A fermion propagator is represented by a
single index-line (i.e. fermion line), whereas each internal scalar, respectively, pseudoscalar
propagator is represented by a double index-line. Consequently, whenever, after drawing a
particular Feynman diagram, an index-line closes, it forms an index loop giving rise to a
factor




A particular Feynman diagram containing a number of virtual  and  exchanges is associ-
ated with a factor
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r = gVY N
I ; (69)
where V is the number of Yukawa vertices, and I the number of index loops. The factor r




where the Euler characteristic  is given by
 = 2− 2H − B; (71)
with H the number of \handles", and B the number of \holes" of the two dimensional
surface to which the Feynman diagram can be associated. The Euler characteristic 10 is
a topological invariant. For instance, the vacuum polarization has the topology of a sphere
with a single hole (i.e. a disk), where the fermion-loop forms the boundary (i.e. hole) of
the graph. Thus planar diagrams in the vacuum polarization with n exchanges of ’s and
’s are associated with a factor
r = N(g2YN)
n: (72)
Other types of diagrams, e.g. diagrams with one crossed , respectively,  exchange have
the topology of a disk with a handle, hence giving rise to a factor
r = N−1(g2YN)
2: (73)
However, the sum of such type of vacuum polarization diagrams is zero due to the chiral
symmetry.
Since planar diagrams vanish in spin-zero channels such as the SDE for the dynamical
mass, the rst nonzero contribution is given by diagrams with crossed  and  exchanges,
and vertex corrections. Those type of diagrams have one extra handle as compared with
planar graphs. Therefore in zero-spin channels, we should compare e.g. graphs with a single
handle with the gauge interaction in the planar (ladder) approximation. Furthermore, each
handle correspond to a factor g4Y , and since gY is small because of the assumption (67), g
4
Y
should be compared with the gauge coupling 0. Then, if the following inequality holds
0  2Y =; Y = g2Y =4; (74)
the gauge interaction dominates over four-fermion interactions, and we have an argument
supporting the validity of the mean-eld approach in such channels.
VI. SCALARS, PSEUDOSCALARS, AND CHARGE SCREENING
Since, in the GNJL model, the scalars and pseudoscalars are neutral states which there-
fore do not couple to the photon eld, their contribution to the vacuum polarization is
10Not to be confused with the chiral susceptibility (21).
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described indirectly in terms of photon-fermion vertex corrections, and fermion self-energy
corrections. Hence, in order to gain some intuition for the role of scalar degrees of freedom
on the mechanism of charge screening, we analyze the two-loop contribution arising from 
and  exchanges to the vacuum polarization.













− e0  γA − gY  ( + iγ5) − V (; ); (75)
where the potential V contains e.g. mass terms, and a 4 type of interaction (i.e. a quartic
scalar interaction). For simplicity, we take N = 1, and we ignore the eect of the potential
V .
The Lagrangian LGHY gives rise to the following bare or free propagators for the scalar
and pseudoscalar bosons:




In appendix E of Ref. [25], the two-loop contribution has been computed for the special
case of N = 1. If the scalar and pseudoscalar elds in Eq. (75) are both in the adjoint
representation of U(N), the result, for arbitrary N , reads















with Y = g
2
Y =4. The  function corresponding to such a vacuum polarization is













The interesting result of this computation is dierence in sign between terms corresponding
to photon exchanges, and terms corresponding to (pseudo)scalar exchanges. Furthermore,
we might be tempted to conclude that a nontrivial root of Eq. (78) could be realized whenever
NY =2  2=3. However, the complete situation is more involved. The RG equation for
e.g. Y should be considered too, i.e. we should compute the  functions of Y , and of
any quartic scalar coupling. If and only if a nontrivial (nonzero) UV stable xed point for
Y exists, the realization of a zero of Eq. (78) becomes a realistic option. In other words,
such a scenario is only possible if the Yukawa interaction Y is nontrivial. The discussion in
Sec. III implies that in order to obtain a nontrivial Yukawa coupling, the hyperscaling laws
should be obeyed.
In this context, we mention that the renormalization of Gauge-Higgs-Yukawa models,
with a non-Abelian gauge interaction, has been considered extensively in Ref. [65]. In
that paper, it was shown that special nontrivial cases of gauge-Higgs-Yukawa models are
equivalent to GNJL models with non-Abelian (asymptotically free) gauge interaction (see
also Ref. [66]), hence proving the renormalizability of non-Abelian GNJL models.
Moreover, in appendix E of Ref. [25] it is shown explicitly that when gauge-invariant
four-fermion interactions are treated perturbatively (thus their anomalous dimensions are
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small), they do not contribute to the vacuum polarization, and consequently to . In
fact, the conclusion can be drawn beforehand, since the RG of Wilson states that irrelevant
interactions cannot aect low-energy eective quantities.
Summarizing, we have illustrated that fundamental scalars and pseudoscalars in a gauge-
Higgs-Yukawa system tend to decrease charge screening. On the other hand, perturbatively
irrelevant four-fermion interaction do not contribute to the vacuum polarization. The idea is
that, nonperturbatively, close to the critical curve in the GNJL model, the scalar and pseu-
doscalar Yukawa interactions are nontrivial, and kinetic terms for the scalar and pseudoscalar
composites are eectively induced via the appearance of a large anomalous dimension.
VII. THE VACUUM POLARIZATION IN THE 1=N EXPANSION
In case of the Abelian GNJL model the gauge coupling () in the infrared (IR) region
is related to the bare gauge coupling 0 via the RG transformation
() = R [=; 0; g0] ; R [=; 0; g0] = 0
1 +  [=; 0; g0]
; (79)
where the four-fermion interactions contribute to the vacuum polarization  (Fig. 1) through
the full photon fermion vertex, see Fig. 6. The vacuum polarization is
 [=; 0; g0] = f(0; g0) ln


+O(1) +O ((=)) ;  ; (80)
with  > 0. The vacuum polarization contains only a single power of ln . Higher powers
of ln , which correspond to a higher number of fermion-loops, are absent. As was pointed
out previously (e.g. Sec. VI), only relevant and marginal interactions can contribute to the
function f , since by denition the eect of an irrelevant coupling is suppressed by positive
powers of = in the infrared region  .
The  function (12) at () is
((); g())  d()
d
: (81)
Since the bare coupling is independent of , we have the identity





= 0f(0; g0): (82)
Thus the function f is proportional to the  function, clearly the  function has a Gaussian
or trivial xed point at 0 = 0.
The form for  in Eq. (80) is supposed to be valid close to an UV stable xed point, since
we have neglected vacuum polarization corrections to internal photon propagators. Such a
quenching of internal photon propagators is self-consistent close to an UV stable xed point.








Now in correspondence with Eq. (19) we search for UV stable roots of
(0; gc) = 0f(0; gc): (84)
In case of pure QED (without four-fermion coupling) the function f has been studied
thoroughly by Johnson et al. in Refs. [63,67,68] and by Adler [69] in the context of massless










where the term with the 2=3 is the one-loop vacuum polarization. Johnson et al. derived
an expression for (0) in terms of the BS kernel K
(2) (Sec. IVA) as the single unknown
Green function.
We mention that, although the strong belief of Johnson et al. in the possible existence
of an UV stable xed point for 0, might seem poorly motivated from the point of view
of Wilson’s RG methods (see Ref [5])11, their methods and techniques are still valid and
directly applicable to the GNJL model.
Taking now into account also relevant four-fermion interactions at g0 = gc, we can derive
in analogy with Ref. [63] that
(0; gc) =
1 + 2(2 + 2)
1− 1 + 3; (86)





















































K(2)(p; k)  @
@q




K(2) (p; k) 
@2
@q@q




11Johnson et al. don’t explain the dynamical origin of the singular critical behavior (the chiral
phase transition), which would be required for the realization of an UV stable xed point in QED.
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In appendix F of Ref. [25] a derivation of the functions j is reviewed.








1 + 2(2 + 2)
1− 1 + 3
]
: (93)
As was pointed out in section V, the 1=N expansion states that the planar diagrams
for the  and  exchanges are dominant. The approximation for the BS kernel K(2), which
generates the entire set of planar scalar and pseudoscalar skeleton diagrams including ladder
gauge boson exchanges for the vacuum polarization is the following: the BS kernel K(2) is









ΓScb(k + q; p+ q)S(k − p)ΓSad(p; k)






cbD(k − p): (94)
In the symmetric phase, the decomposition of the scalar Yukawa vertex ΓS is given by
Eq. (26). Furthermore, due to chiral symmetry, we have the identities
(iγ5)ΓS(k; p) = ΓP (k; p); S(q) = P (q); (95)
the  and  propagators are degenerate. Secondly, it was shown in Ref. [30] that the structure
function F2 is rather small compared to the leading structure function F1. (it is assumed that
F1 describes the leading asymptotic behavior of the Yukawa vertices). Therefore, we neglect
contributions related to the scalar structure function F2. Although it might be possible that
the contribution coming from gauge interactions is smaller, than corrections resulting from
this structure function F2, we keep the gauge interaction in order to compare with results





(p; p+ q; k + q)  ilkj
e20
F1(k + q; p+ q)F1(p; k)S(k − p)
 [1ad1cb + iγ5adiγ5cb]
+ ijklD(k − p)γadγcb: (96)
With this truncation for the BS kernel K(2), we can actually compute the j functions
(87){(89), and subsequently analyze the  function (93). The truncation (96) generates an
innite series of planar contributions to the vacuum polarization as the leading order in
1=N , see Fig. 7. We recall that, in the vacuum polarization, the scalars and pseudoscalars
give the same contribution in the functions j. Moreover the sum over flavor indices yields a
factor of N in the expressions for j for contributions corresponding to  and  exchanges.
VIII. COMPUTATION OF THE  FUNCTION
In computing the functions 1, 2, and 3, we initially neglect the ladder photon exchange
given in Eq. (96). Since such contributions were already computed in Ref. [63], it will be
rather easy to include them later in the analysis.
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It is straightforward to show that, within the proposed approximations, 2 vanishes.
Using Eq. (96), we obtain that
Tr
[








2(0; gc) = 0: (98)
Eq. (87) for 1 reads





(p+ k)  k
(p+ k)4
[F1(k + p; k)]
2S(p); (99)
where we have performed a \harmless"12 shift of integration, and used the fact that F1 is
symmetric in the fermion momenta, F1(p; k) = F1(k; p), because of charge conjugation. The
factor N results from the trace of the flavor Kronecker  function, i.e. an index line which










p2(p  k + k2)
(p+ k)4
[F1(k + p; k)]
2S(p): (100)
Since the integrals for the functions j are nite, the cuto can be taken to innity (the
continuum limit). This can be written as
lim
!1
1(0; gc)  −N
1∫
0
duG1(u) +O ((k=)2) ; (101)
where 2 is some positive power, u = p
2=k2, and
G1(p







k2p2(k  p + k2)
(k + p)4
[F1(k + p; k)]
2S(p): (102)
The function G1 is dened with a minus sign to make it a positive function, as will be shown
to be the case later. The angular integral can be performed if we make use of the following
Chebyshev expansion
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The Chebyshev expansion for the function F1 was already introduced in Eq. (27) (and [30]).
Thus, following analogous derivations in the appendix of Ref. [30], the function G1 can be
expressed as
G1(p










where the fully symmetric index Clmn satises
Clmn = 1 () l +m+ n = even; Clmn = 0 () l +m+ n = odd: (107)
We approximate G1 by keeping only the lowest order term in the Chebyshev expansion,
G1(p











where f0 is decomposed into the two channel functions FUV and FIR, see Eq. (30). Then,
the asymptotics, k2  p2, respectively, p2  k2, of G1 are well approximated by the lowest
order Chebyshev term (108). Again, this is the two channel approximation for the Yukawa
vertices [30]. However for momenta k2  p2 the channel approximation is not necessarily
valid. So, how about G1(1)? Since, from the appendix of Refs. [30,25], it follows that the
Chebyshev coecients
f2n(k
2; p2)  0; f2n+1(k2; p2)  0; (109)





−! c2n(k2; k2)  0; c2n+1(k2; k2)  0: (110)



















Therefore, the approximation Eq. (108) is reliable for the asymptotics k2  p2, and p2 
k2. Moreover, Eq. (108) is a lower bound on Eq. (106) at k2 = p2, so that at least we
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won’t overestimate the contribution of scalar and pseudoscalar composites to the vacuum
polarization.
The function G1 can now be computed, since f0 is expressed in terms of the channel
functions FUV and FIR of Eq. (30). Furthermore, from Eq. (105) we see that
c0(k
2; p2) = (k2 − p2); (113)
and the only nonzero contribution to G1 of Eq. (108) comes from the momenta k
2  p2.
Thus, using Eqs. (108), (30), and (113), we nd
G1(p





2; p2)]2(k2 − p2): (114)
The ultraviolet channel function FUV is proportional to the factor Z
−1(p2=2; !), Eq. (35),
and the scalar propagator is proportional to Z2. Thus the Z factors in Eq. (114) cancel as
was expected and the angular integral Eq. (102) can indeed be written in terms of a function
which depends only on the ratio of p2=k2.
The scaling form (p2  2) for the scalar propagator S(p) at g0 = gc is given by
Eq. (39). The scaling form for the channel function FUV(k
2; p2) is given by Eqs. (53) and
(55), with p2  k2  2. Inserting Eqs. (39), (53), and (55) in (114), we obtain for G1
G1(u) =













where u = p2=k2. Thus Eq. (101) is
lim
!1





duG1(u)  0: (117)
The function G1 is positive, hence 1 is negative. The integral over the function G1 can be
done explicitly by making use of the integral identity 2.15.19.1 in Volume 2 of Prudnikov et















 2F3 (2 + !; 1=2 + !; 3 + !; 1 + 2!; 1 + !; 20)














The above analysis of the function 1 is repeated for the function 3. The second
derivative of the BS kernel, K (p; k) of Eq. (96), is
K (p; k) / limq!0
@2
@q@q
F1(k + q; p+ q): (119)
The SDE for F1 (in quenched-ladder approximation, see Fig. 3) is given by





(r2 + (k − p)  r)
r2(r + k − p)2(r − p− q)2F1(r + k − p; r); (120)










(r2 + (k − p)  r)






(r − p− q)2 : (121)



















2 S(p− k) [1ad1cb + iγ5adiγ5cb] ; (123)
in Minkowsky formulation. Inserting the above expression in Eq. (89) the equation for 3(0)
takes the form












(p  k + k2)3
(p+ k)6





3(0; gc)  N
1∫
0
duG3(u) +O ((k=)3) ; (125)











p2(k  p+ k2)3
(k + p)6
[F1(k + p; k)]
2S(p): (126)
We use the following Chebyshev expansion







































































n  1: (130)





























Then, again the asymptotics, k2  p2, respectively, p2  k2, of G3 are well approximated
by the lowest order Chebyshev term. Moreover, for momenta k2 = p2 the approximation
Eq. (132) is exact, since
dn(k
2; k2) = 0; 8 n  1: (133)
Therefore, the approximation Eq. (132) is even better than the analogous approximation,
Eq. (108), to G1. Furthermore, from Eq. (129) we see that the only nonzero contributions
to G3 of Eq. (132) are given by momenta k















2; p2)]2(k2 − p2): (134)





















where u = p2=k2. Thus Eq. (125) is
lim
!1






duG3(u)  0: (137)




















 2F3 (3 + !; 1=2 + !; 4 + !; 1 + 2!; 1 + !; 20)
− 2
3










 2F3 (3− !; 1=2− !; 4− !; 1− 2!; 1− !; 20)
}
: (139)
In the computation of the functions 1, 2, and 3 the ladder (planar) photon exchanges
have been neglected. After reinstating the ladder photon exchange term of Eq. (96), we




−N1(0); 2(0; gc) = 0; 3(0; gc) = N3(0): (140)
The ladder photon exchange only contributes to 1, see again [63]. After substitution of









1− 0=2 +N1(0) +N3(0)
]
; (141)
where explicit expressions for 1 and 3 are given by Eq. (118) and Eqs. (138), (139).
IX. UV STABLE FIXED POINTS
Let us start analyzing Eq. (141) by rst considering the properties of the functions
1(0) and 3(0). These functions have been plotted versus 0=c in Fig. 8. Firstly, it
is clear that the 1 and 3, are positive, and have a maximum at some intermediate value
of 0 < 0 < c = =3. For instance, 1 has a maximum 1  0:123 at 0=c  0:58
(!  0:65). Secondly, the functions 1 and 3 vanish at the pure NJL point 0 = 0, and at
the CPT point 0 = c. At 0 = 0, we can consider this is as a reflection of the fact that
hyperscaling breaks down due to logarithmic corrections; the \eective" Yukawa coupling
is trivial, therefore vanishes. At 0 = c, where the critical exponents become singular, the
vanishing of 1 and 3 is related to the dynamics of the conformal phase transition (CPT),
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which has been thoroughly discussed in Ref. [41]. There are no light  and  exchanges in the
symmetric phase which consequently implies the absence of eective Yukawa interactions.13
Let us illustrate this by comparing the  function (141) with the  function (78) of the
gauge{Higgs{Yukawa model (75) in the 1=N expansion. Then, the entire set of planar 









S(k − p) [1ad1cb + iγ5adiγ5cb] ; (142)
S(k − p) = 1
(k − p)2 :
With such a kernel, 2 and 3 are zero, because the right-hand side of Eq. (142) does not











(p− k)2 : (143)



































Then, taking the cuto to innity, we obtain
1(Y ) = −NY
2
: (145)
Again we introduce the ladder photon exchanges by the replacement





Hence, in this case, the  function is








1− 0=2 +NY =2
]
: (147)
Comparing the  functions (141) and (147) leads to the suggestion that 1(0) is analogous




13Moreover at the CPT point four-fermion interaction are marginal instead of relevant, and start
to mix with the gauge interaction, hence the analysis becomes considerably more complicated.
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This is a crucial point. The general consensus is that for a gauge-Higgs-Yukawa model
the Yukawa interaction Y is trivial, thus Y ! 0 in Eq. (147). However, the situation is
essentially dierent for 1 in the GNJL model. There the \eective" coupling 1 is formed by
the exchange of  and  bosons, with the Yukawa vertices, and (pseudo)scalar propagators
fully dressed (i.e. the skeleton expansion). The cancellation of the Z factors, see Sec. III,
which is related to the fact that the hyperscaling equations are satised, gives rise to a nite
nonzero 1(0) at the critical curve (g0 = gc) for 0 < 0 < c. The other nonzero function
3 results from taking into account fully dressed Yukawa vertices.
Let us now the discuss the possible existence of UV stable xed points. A necessary but
not a sucient condition for the realization of an UV stable xed point is that N1 has to
be larger than both N3 and 0=2, and N1  O(1). For large N , the contribution of the
planar photon exchanges (represented by the 0=2 terms) is negligible with respect to N1
and N3. Moreover Fig. 8 shows, for 0 small, that 1 is considerably larger than 3. This
means that only for flavors N larger than some critical value Nc UV stable xed points can
be obtained.
By substituting the expressions (118) and (138) for 1 and 3 in Eq. (141), we can
straightforwardly analyze the  function graphically. In Fig. 9 the  function is plotted for
various values of N . Fig. 9 shows that for values of N > Nc, with 55 > Nc > 54, UV stable
xed points exists, the largest being ?  0:13,
N = 55 :  (0:13; gc(0:13))  0; (149)
N = 60 :  (0:1; gc(0:1))  0: (150)
The general pattern is clear; the larger N , with N > Nc, the smaller will be the UV stable
xed point. Moreover, Fig. 9 shows that the UV stable xed points are rst order zeros of
, and clearly satisfy Eq. (16).
Since we have made use of results obtained in the quenched approximation, we mention
that the plots of the  function are (at the most) reliable at or in the vicinity of the UV
stable xed points at which the quenched approach is self consistent.
In Fig. 10, the case of N = 60 fermion flavors is compared with the one-loop  function
of QED. For very small values of 0 < 1=100 indeed the one-loop QED result coincides with
that of the GNJL model, however for larger values of 0 the  function (141) deviates from
the one-loop expression, and eventually an UV stable xed point is realized at ?  0:1.
The analysis shows that a rather large number of flavors,
N > Nc  54; (151)
is required to obtain UV stable xed points. From the point of view of the 1=N expansion
this seems a consistent result, since other than planar contributions are suppressed by at
least factors of (say) 1=Nc. However, from the phenomenological point of view, the result is
unsatisfactory, since it implies that the unquenched Abelian GNJL model (exhibiting UV
stable xed points) is only practically applicable for models which have at least Nc fermion
flavors (fractions rounded up). Therefore, it is appropriate to discuss how Nc depends on
the approximation.
Firstly, we stress that the second term on the right-hand side in Eq. (141) containing
the 1 function causes the suppression of charge screening and is responsible for the possible
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realization of an UV stable xed point. The denominator in the second term is a direct
consequence of the resummation of the innite ladder  and  exchanges, and it is mainly
due to this denominator 1 +N1 that the critical number of fermion flavors Nc is large.
Secondly, the existence of an UV stable xed point for a specic number of fermion flavors
N depends on the interplay between the functions 1 and 3, which are given in terms of
integrals of the functions G1 andG3. Let us recall that the lowest order Chebyshev expansion
for G1, Eq. (108) is a lower bound on G1 of Eq. (106), since all terms of the Chebyshev
expansion are positive at k2 = p2, the same cannot be said about the approximation (132)
for G3. Thus keeping more terms in the Chebyshev expansion leads to an increase of 1,
whereas the eect on 3 is less clear, because of the alternating Chebyshev series for 3.
Therefore, an improvement of the computation of 1 will most likely lead to a decrease of
the critical flavor number Nc.
Moreover in the computation of the functions 1 and 3 we have used Yukawa vertices (ΓS)
and  and  propagators (S) which were obtained in the quenched-ladder approximation.
It is an interesting question, whether the improvement of the ladder approximation for the
gauge interaction (e.g. by including crossed photon exchanges) leads to a increase of 1, and
thus a decrease of Nc.
Finally, we recall that we have neglected the eect of the Yukawa vertex function F2
(Eq. (26)), but clearly the inclusion of F2 in the analysis could change the results quantita-
tively. Whether such an improvement will tend to increase or decrease Nc remains unclear
at this stage.
A. Close to the NJL point
Let us analyze the interplay between 1 and 3 in more detail close to the pure NJL point
(0 = 0) by expanding these functions in 0. The computation of the lowest order terms in
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The equation for the zero of  is a third order equation, and an UV stable xed point is
given by the lowest positive root satisfying Eq. (16). The equation is









The expression for the relevant root is rather ugly. However, in the limit N !1 keeping x









; N !1; x = constant: (156)
The critical number of flavors Nc, below which no UV stable xed point can be realized, is















=) Nc  45:42: (157)
This Nc is slightly smaller than the critical number Nc  54, which was obtained graphically
from Fig. 9. The value of the root x at this critical number Nc is
x  6:32131 =) ?  0:146: (158)
Summarizing, we nd, that for N > Nc  45 UV stable xed points ? (? < 0:146) are
obtained. Moreover, with the identication Eq. (148), Y = g
2
Y =4 and the fact that 1 is
of order 0 the inequality (74) is satised for 0 suciently small.
X. CONCLUSION
There is strong evidence that four-fermion interactions become relevant near the chiral
phase transition in GNJL models in four dimensions. At the chiral phase transition (e.g.
the critical curve given by Eq. (5)) in the quenched GNJL model, the appearance of a large
anomalous dimension is believed to turn naively irrelevant interactions into relevant ones.
The main objective of this paper was to study the eect of such relevant four-fermion inter-
actions on the vacuum polarization of the gauge coupling and to reinvestigate the problem
of triviality for a particular Abelian GNJL model with N fermion flavors. To obtain new
results, the four-fermion interactions had to be taken into account beyond the commonly
used Hartree{Fock or mean-eld approach.
The crucial feature of the GNJL model, within the quenched mean-eld approximation, is
that a nontrivial Yukawa interaction (i.e. an interaction between composite (pseudo)scalars
and fermions) exists for 0 < 0 < c. The existence of such a nontrivial Yukawa interaction
requires the cancellation of Z factors14 in fermion{anti-fermion scattering amplitudes such as
the BS kernel K(2), and is analogous to the requirement of hyperscaling (see Sec. III). If the
hyperscaling equations are satised, then only two of the critical exponents are independent,
namely  and γ, with
γ = 1;  = 2(1− !); ! =
√
1− 0=c; (159)
see Eqs. (24) and (44). We recall that the anomalous dimension  is dened at the critical
point, whereas γ describes scaling in the neighborhood of the critical point.15 The existence
14The Z factor is the wave function renormalization constant of the  and  elds.
15These values of the critical exponents are in rather good agreement with lattice simulations,
and results obtained by nonperturbative RG techniques.
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of hyperscaling relations between the critical exponents is intimately connected with the
existence of Ward{Takahashi identities (and thus the Goldstone mechanism) arising from
the continuous symmetries of the model.
The skeleton expansion for the BS kernel K(2) provides a natural framework to take into
account the anomalous dimensions of Yukawa vertices and  and  propagators. Within
the skeleton expansion,  and  exchanges are described in terms of fully dressed Yukawa
vertices and  and  propagators. The actual computation of the anomalous dimension,
and the resolution of the scaling form requires a solution of the SDEs for Yukawa vertices,
and  and  bosons.
In previous work such fully dressed Yukawa vertices and  and  propagators have been
analized in the quenched-ladder mean-eld approximation, see Ref. [30] and chapter 4 of
[25], and references therein. To make use of these results consistently, we used the following
approximations. Firstly, we assumed that the bare coupling parameters are ne-tuned close
to the critical point, i.e. close to an UV stable xed point, at which g  0 and   0.
In that case, the quenched approximation is self-consistent. Secondly, the gauge-interaction
is considered in the ladder form, with bare vertices. Thirdly, we used the 1=N expansion
(with N the number of fermion flavors) which states that planar  and  exchanges describe
the leading contribution to Green functions for large N . Then, due to the specic form
of the chiral symmetry with both scalars and pseudoscalar in the adjoint representation
of the UL(N)  UR(N) symmetry, we argued that in so-called zero-spin channels (such as
Yukawa vertices and  and  propagators) the planar  and  exchanges cancel each other
for momenta larger than the inverse correlation length (in fact in the symmetric phase this
cancellation is exact). We recall that the inverse correlation length in the GNJL model is
the mass of the  boson, −1 = m. Moreover, an important property of the planar (ladder)
approximations is that they respect the vector and chiral Ward{Takahashi identities.
The method of Ref. [63], provides a nonperturbative framework independent of the
fermion wave function Z, and allowed us to compute the contributions of the innite set of
planar  and  exchanges to the vacuum polarization. The result of the computations is
that the GNJL model exhibits an UV stable xed point, (
?; gc(
?)) = 0, for any value of
N that exceeds some critical value Nc (N > Nc). This critical number of flavors turned out
to be Nc  54. The larger the number of fermion flavors, the smaller the UV stable xed
point ? will be, provided N > Nc.
The large value for Nc puts questions to the applicability of the GNJL. However, we have
given a few arguments in the previous section suggesting that Nc could be rather sensitive
to approximations, and that an improvement of the approximations and calculations will
probably lead to a smaller value for Nc.
The mechanism responsible for the realization of an UV stable xed point is illustrated by
the observation that contributions of planar  and  exchanges to the vacuum polarization
have identical sign, and tend to reduce screening. The four-fermion interactions describe
attractive forces between virtual fermion{anti-fermion pairs in the vacuum polarization.
The conventional leading term in the vacuum polarization is the one-loop correction
describing the creation of fermion{anti-fermion pairs. These virtual pairs can be considered
as dipoles causing the screening; the vacuum is a medium of the insulator type. Such a
screening is proportional to the coupling 0 and proportional to the number of fermion
flavors N . However, if a particular fraction of the total amount of fermion{anti-fermion
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pairs created are correlated by attractive four-fermion interactions, represented by  and 
exchanges, then clearly these composite neutral states are not capable of screening. Thus
the negative term N1 in the  function (141) represents the contributions and the attractive
nature of four-fermion interactions in the vacuum polarization.
It is known that in the quenched approximation, the critical curve and critical exponents
are independent of the number of fermion flavors. In the quenched-ladder approximation
using the mean-eld approach for the four-fermion interactions it is straightforward to derive
that this is indeed the case. Clearly, the mechanism of charge screening is flavor dependent,
since the total number of virtual fermion{anti-fermion pairs is proportional to N and the
total number of composite scalars and pseudoscalars grows as 2N2. The larger the number
of flavors, the stronger the eect of four-fermion interactions. The xed point appears when
the virtual pairs completely loose the ability to screen.
The existence of an UV stable xed point implies a nontrivial continuum limit of the
Abelian GNJL model. The analysis presented here suggest that in the full unquenched
GNJL model the critical line is replaced by an UV stable xed point somewhere on the
critical line depending on the number of fermion flavors. An impression of the RG flow
in the neighborhood of such an UV stable xed point is given in Fig. 11. If the number
of fermion flavors is below some specic value, the critical four-fermion dynamics are not
sucient to yield an UV stable xed point. In that case the unquenched GNJL model only
has a trivial (IR) xed point and the chiral phase transition is of the mean-eld type.
Finally, let us briefly compare our results with that obtained by lattice simulations and
nonperturbative RG techniques. Although there still is some controversy between dierent
groups performing lattice computations, the standard conclusion of the Desy group (Go¨ckeler
et al.) is that QED is trivial and that the chiral phase transition is of the mean-eld type.
Our results agree with these conclusions for N < Nc.
Using nonperturbative RG techniques, it was found in Refs. [26,27], that within a par-
ticular local potential approach the gauge coupling 0 in GNJL model is trivial. Again
for N < Nc the results agree. However, for large N , we think that, in order to compare
such type of approaches with our results, the RG flows of operators corresponding to the
dynamical nature of  and  exchanges should be taken into account. Within the context
of NPRG techniques, we think this probably involves taking into account higher (than 6)
dimensional chiral invariant operators containing derivatives in the RG flow of the gauge
coupling.
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FIGURES
FIG. 1. The vacuum polarization tensor (q) = (−q2g + qq)(q2), with the blobs repre-






FIG. 2. SDE for the scalar propagator or  boson S(q).
S = + S
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− + . . .
FIG. 5. Skeleton expansion for the BS kernel K(2).
= + 2









B+ + + . . .
FIG. 7. Planar skeleton contributions to the vacuum polarization; the blobs represent both










































FIG. 9. Plot of the function  versus the gauge coupling 0 for various values of the fermion
flavor number N .
With  and  exchange
One-loop



































FIG. 11. Hypothetical picture of the RG flow near an UV stable xed point (N = 55) in the
coupling constant plane (0; g0). The arrows point towards the infrared region.
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